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We prove that ff S is a set of k -  1 vertices in a k-connected graph G, then the cycles through 
S generate the cycle space of G. Moreover, when k_~3, each cycle of G can be expressed as the sum 
of an odd number of cycles through S. On the other hand, if S is a set of k vertices, these conclusions 
do not necessarily hold, and we characterize the exceptional cases. As corollaries, we establish the 
existence of odd and even cycles through specified vertices and deduce the existence of long odd 
and even cycles in graphs of high connectivity. 

1. Introduction 

A well-known theorem of  Dirac [2] states that  if e and f are two edges o f  
a k-connected graph G (k=>2), and  if S is a set o f  k - 2  vertices o f  G, then G con- 
tains a cycle which includes e, f ,  and every vertex o f  S. A number  o f  papers on 
this theme can be found in the literature: Dirac and  Thomassen [3], Holton,  M c K a y  
and Plummer [4], Kinney and Alexander [51, Lick [61, H u m m e r  [11], Thomassen [12], 
Watkins and Mesner [16], Wilson, Hemminger  and Plummet  [17], Woodal l  [18]. 
Several related questions have also been posed. We consider one, due to Tof t  [13]. 

For  n->_2, let f ( n )  denote the least integer for which the following state- 
ment  is true:  if a graph G is f (n)-connected and  contains at  least one odd cycle, 
then for any n vertices o f  G there is an odd  cycle o f  G containing these n vertices. 
What  is the value o f  f ( n ) ?  

Tort  proved that  n +  1 ~_f(n)<=2n-1. The lower bound  arises f rom a simple 
construction. Let G 1 be a nonempty  graph on n vertices, let G2 be an empty graph  
(no edges) on m =>n vertices, and let S be a set o f  n vertices in G~. Denote  by G 
the join G1V G2 o f  G1 and  G2. Then G is n-connected, and contains an odd cycle. 
However,  no odd cycle passes through every vertex o f  S. 

Later, Lovhsz [8] proposed the conjecture that  f ( n ) = n +  1 and also a some- 
what  stronger conjecture concerning the cycle space o f  a graph. In this paper, we 
prove these conjectures, settle the analogue of  Toft ' s  problem for even cycles, and  
establish the existence o f  long odd and even cycles in graphs o f  high connectivity. 

AMS (1980) subject classification: 05 C 38; 05 C 40 
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2. The cycle space 

It is well-known that the cycle space of  a graph has a basis which consists 
only of cycles. A set ~ of cycles in a graph G is said to generate the cycle space of  
G if it contains such a basis or, equivalently, if every cycle C of  G can be written as 

N 

c = ~ '  c~ ( c i ~ ' )  
i = l  

where a cycle is regarded as the set of its edges, and addition is modulo 2 (so that 
N 

Z C~ is the set of those edges of G which are contained in an odd number 
t = 1  

of  cycles Ci). 

The graphs which we consider in this paper have ilo loops but may have 
multiple edges. We shall prove two theorems. 

Theorem 1. Let S =  {u, v} be a set of  two vertices in a 2-connected graph G. Then 
exactly one of  the following two statements is true." 

(i) the cycles through S generate the cycle space of  G; 
(ii) G contains a connected subgraph H, disjoint from S, with two bridges 

(in the sense of  Tutte [14]) B~ ( x = u  or v) such that Bx contains x and 
has exactly two vertices of  attachment to H. 

The structure of the graphs described in condition (ii) of Theorem 1 is il- 
lustrated in Figure 1. 

Bu By 

Fig. 1 

Theorem 2. Let S be a set o f  k vertices in a k-connected graph G, where k>=3. Then 
one of  the followbk¢ three statements is true: 

(i) every cycle in G can be expressed as the sum of  an odd number of  cycles 
through S; 

(ii) G contains a set X of  lc vertices, disjoint from S, such that X (regarded 
as a subgraph of  G) has at least k + l  bridges, k of  which each contain 
one vertex of  S; 

(iii) k = 3  and G contains adjacent vertices Xo, xl such that G - { x o ,  xl} is 
a union of  four connected subgraphs H, Go, Gx, G2, where H includes no 
vertex of  S, each Gi includes just one vertex of  S, H and Gi have exactly 
one vertex in common ( i=0,  1, 2) and Gi and G~ are disjoint (i, j = 0 ,  1, 2). 
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The structures of  the graphs described in conditions (ii) and (iii) of  Theorem 2 
are illustrated in Figures 2(a) and 2(b), respectively. 

Remark 1. The conditions in Theorem 2 are not mutually exclusive. However, no 
graph which satisfies (ii) or (iii) can also satisfy (i) because, in both cases, there 
exists an edge e which lies in no cycle through S: in (ii), take e to be any edge in 
a bridge of X which contains no vertex of S; in (iii), take e to be the edge XoX,. 

X x o --x~ 

@ ® 

Fig. 2 

Remark 2. It  follows from Menger's theorem (and also from our proof  of  Theorem 2) 
that, in cases (ii) and (iii) of  Theorem 2, G contains a subdivision of the complete 
bipartite graph K,.k in which one colour-class is the set S. 

One easy corollary of  Theorem 2 is a result similar to, but neither weaker 
nor stronger than, Dirac's  theorem. 

Corollary 1. Let S be a set o f  k vertices in a k-connected graph G, where k ~=4, and 
let e be an edge o f  G. Then exactly one o f  the following two statements is true." 

(i) there exists a cycle in G which inchtdes e and every vertex of  S; 
(ii) G contains a set X o f  k vertices such that the elements of  SO {e} belong 

to distinct bridges o f  X. 

To see this, we note that, since G is 2-connected, e lies in some cycle C of G. 
I f  case (i) o f  the theorem applies, C can be expressed as the sum of an odd number  
of  cycles through S. Clearly, one of these cycles must include e. I f  (ii) applies, it 
suffices to consider the case in which e belongs to the same bridge as some element 
of  S. By Remark 2, G contains a subdivision H of  a complete bipartite graph K~,k. 
I f  e is an edge of H, there is clearly a cycle in G which includes e and every vertex 
of  S. Otherwise, by Menger's theorem, its ends are connected to H by two disjoint 
paths. Since e belongs to the same bridge as some element of  S, we may assume 
that at least one of these paths does not end at a vertex of X; again, there is a cycle 
which includes e and every vertex of S. 

From Corollary 1, we can immediately deduce a theorem of Watkins and 
Mesner [16]. 
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Corollary 2. Let S be a set of  k + l vertices in a k-connected graph G, where k >=4. 
Then exactly one of  the following two statements is true: 

(i) there exists a cycle in G which includes every vertex of  S; 
(ii) G contains a set X of  k vertices, disjoint from S, such that the vertices of  

S belong to distinct bridges of  X. 

For, let vCS, let e be an edge incident with v, and set S ' = S \ { v } .  If there 
exists a cycle in G which includes e and every vertex of S',  then (i) holds. Otherwise, 
by Corollary 1, G contains a set X of k vertices such that the elements of SU {e} 
belong to distinct bridges of X. If vCX, then it follows from Remark 2 that there 
exists a cycle in G which includes every vertex of  S. If v¢ t", then the vertices of  S 
belong to distinct bridges of X, and (ii) holds. 

Remark 3. Watkins and Mesner did, in fact, prove this result for k->_3. They also 
obtained an analogous theorem for the case of  2-connected graphs. Neither these 
results, nor the analogues of Corollary 1 for 2-connected and 3-connected graphs 
can be readily deduced from Theorems 1 and 2. 

A more significant consequence of  Theorems 1 and 2 is the following result, 
conjectured originally by LovS.sz [8]. We state it in two equivalent forms. 

Corollary 3. Let S be a set of  k - 1  vertices #2 a k-connected graph G. Then the 
cycles through S generate the cycle space of  G. 

Corollary 3'. Let S be a set of  k -  1 vertices in a k-connected graph G, and let F 
be a set of  edges of  G which do not form a coboundary. Then there exists a cycle Ci 
through S such that [FACi[ is odd. 

To see that Corollary 3 implies Corollary 3", consider S, G and F as in Cor- 
ollary 3'. Since F is not a coboundary, there exists a cycle C in G such that [FN C[ 
is odd. By Corollary 3, there exist cycles (71 . . . .  , CN through S such that 

Then 

N 

C =  Z C i .  
i = l  

/V 

IFNC[ =-- ,~ [FOCal (mod2) 
i=I 

which implies that [F(3C~[ is odd for at least one Ci. 
The solution to Toft's problem follows directly from Corollary 3' on taking 

F to be the set of all edges of  G. (F is not a coboundary because, by assumption, 
G is not  bipartite.) 

The analogue of  TofFs problem for even cycles can also be solved by 
our methods. 

Consider, first, the case of  2-connected graphs. Such graphs may contain 
vertices which lie on no even cycles at all. For  instance, if H is a 2-connected bipartite 
graph and G is the graph obtained from H by adding a vertex v and joining v to 
one vertex in each colour-class of  H, then G is 2-connected, but the vertex v lies 
on no even cycle. 
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To deal with k-connected graphs, where k ~ 3 ,  we apply Theorem 2. Let 
S be a set of  k vertices in a k-connected graph G, where k ~ 3 ,  and let C be an even 
cycle in G. I f  C can be expressed as the sum of an odd number of  cycles through 
S, one of  these cycles must clearly be even. Thus, in this case, G contains an even 
cycle through S. I f  C cannot be so expressed, statement (ii) of  Theorem 2 applies 
and, by Remark 2, G contains a subdivision H of a complete bipartite graph Kk,k 
in which one colour-class is the set S. Let C be an even cycle in H. Now, by Theorem 2, 
every cycle in the complete bipartite graph can be expressed as the sum of an odd 
number  of  cycles through S. It  follows that C can be expressed as the sam of  an 
odd number of cycles in H through S. As before, one of  these cycles must be even. 

Thus we have 

Corollary 4. 
(a) Let S be a set of  k - 1  vertices in a k-connected nonbipartite graph G. 

Then there exists an odd cycle in G through every vertex of  S. 
(b) Let S be a set of  k vertices in a k-connected graph G, where k ~=3. Then 

there exists an even cycle in G through every vertex of  S. 

Remark 4. Mamoun [9] has independently proved Corollary 4(a) and a slightly 
weaker form of  Corollary 4(b). 

Finally, we deduce from Corollary 4 a result about  long odd and even cycles 
in k-connected graphs. 

Corollary 5. Let G be a k-connected nonkamiltonian graph, where k ~2 .  Then there 
exist in G an odd cycle o f  length at least 2 k -  1 (provided that G is not bipartfle) and 
an even cycle o f  length at least 2k. 

To see this, we observe that, by a theorem of ChvS.tal and Erd6s [l], G con- 
tains an independent set of  k vertices. Thus the set S in Corollary 4 can be chosen 
to be independent, and the resulting cycles satisfy the requirements of  Corollary 5. 
(The one case omitted here, that of  an even cycle of  length at  least four in a 2-con- 
nected nonhamiltonian graph, is trivial.) 

Remark 5. There is a stronger form of  Corollary 5, due to Voss and Zuluaga [15]. 
They prove that if G is a 2-connected nonhamiltonian graph in which each degree 
is at least k, then the same conclusion holds. 

Our proofs of  both theorems make extensive use of  the following result, 
due to Perfect [10]. Let G be a graph, let X be a set of  vertices of  G, and let 
vE V ( G ) \ X .  By a (v, X)-path we mean a path which connects v to some vertex of  
X and has no other vertex in conamon with X. Two (v, X)-paths are independent 
if  they have no vertex in common but v. 

Lemma. Let G be a graph, let X be a set qf  vertices of  G, and let vE V ( G ) \ X .  Suppose 
that there exist k independent (v, X)-paths. Suppose, also, that there exist k" independent 
(v, X)-paths (not necessarily chosen from the previously-defined set) linking v to the 
set yc=x, where k'~=k. Then there exist k independent (v, X)-paths, k" of  which 
link v to ]I. 
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3. Proof of Theorem 1 

We define a cycle C in G to be of  type m if it includes precisely m vertices of  
S (m=0 ,  1, 2). The theorem will be proved by demonstrating that each cycle of  
type m (m=0,  l) can be expressed as a sum of  cycles whose types are greater than 
m, unless statement (ii) of  the theorem applies. 

Let C be a cycle of  type 0 or 1. Without loss of  generality, we may assume 
that v does not  lie on C. We fix an orientation of C and denote by C[x, y] the seg- 
ment  of  C between vertices x and y. I f  v is connected to x , y  by independent 
(v, Q-pa th s  P~, Py, respectively, we set 

cx,~ = p~UP~,UC[y, x]. 

Suppose, first, that C is of  type 0. By Menger's theorem, v is connected by 
independent paths P~, Py to two vertices x , y  of C. Then 

expresses C as the sum of  two cycles of  type 1 or type 2. 
Now, suppose that C is of  type 1. I f  v is connected by independent paths 

P~,, Py, Pz to three vertices x, y, z, respectively, on C (occurring in this cyclic order), 
we may assume, without loss of  generality, that uE C[z, x]. Then 

c =  c.,y+c,,,:+c.,= 

expresses C as a sum of cycles of  type 2. Otherwise, by Menger's theorem, v is con- 
nected by independent paths Px, Py to two vertices x, y of  C and there exist vertices 
vl on Px and v2 on Py which separate v from C. I f  uE {x, y}, equation (1) expresses 
C as the sum of  two cycles of  type 2. I f  not, we may assume, without loss of  gen- 
erality, that uE C[x, y], as in Figure 3(a). 

We now consider paths from u to the cycle Cx, y. Suppose that u is con- 
nected to Cx.y by three independent paths Q~, Qy, Q~. By the Lemma, we may assume 
that Q~ terminates at x and Qy terminates at y. Let Qz terminate at z. 

u u 

@ ® 
Fig.  3 
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If zEC[y, x], set 
C1 = PxUPyUQyUQx 

Co. = PxUPyUC[y, z]UQ=UQ~ 

Ca = P~UPyUQyUQ~UC[z, x] 

Otherwise, we may assume, without loss of generality, that zEP.~. In this 
case, set 

C1 = P.~UP, UQ, UQx 

C2 = P:,[z, v]UPyUQyUQ= 

Cs = Px[z, v]UP, UC[s, x]UQxUQ,. 

In both cases C=CI+C2+C3+C~,y expresses C a s  a sum of  cycles of type 2. 
If  u is not connected to Cx, r by three independent paths, it follows from 

Menger's theorem that there exist vertices ulE C[x, u] and use C[u, y] which separate 
u from C~.y, as in Figure 3(b). Thus G is as described in statement (ii) of the theorem. 

We have shown that if (i) does not hold, then (ii) does. To see that both 
statements cannot hold simultaneously, consider a graph G satisfying (ii), and let 
C be a cycle in G consisting of a (Ul, u~)-path in B,, followed by a (us, u~)-path in H. 

u u u 

! Y 

C~ C 2 C~ 

Fig. 4 

u u 

C~ C 2 C 3 

Fig. 5 
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Suppose that C can be expressed as the sum of N cycles through S =  {u, v}. Because 
each such cycle includes exactly one edge of B u incident to ul and the same is true 
of C, N must be odd. However, N must also be even because each cycle through 
S includes exactly one edge of B~ incident to vl and C includes no such edge. This 
contradiction proves our assertion. 

4. Proof of theorem 2 

This proof proceeds along the same lines as the proof of Theorem 1. Let 
denote the set of cycles through S, and let C be a cycle not in c~. Set T= V(C) f-) S. 

We define C to be of type (m, n) if 
(i) ]Tl=m; 

(ii) there exist a vertex v C S \ T  and n independent (v, C)-paths ending at 
vertices of T. 

By convention, each cycle in ff has type (k, 0). We shall prove the theorem 
by demonstrating that each cycle of type (m, n), where m<=k - I, can be expressed 
as the sum of an odd number of cycles whose types are lexicographically greater 
than (m, n), unless either statement (ii) or (iii) of the theorem applies. 

Let C be a cycle of type (m,n), where m<=k - 1 ,  let T=V(C)  NS, and 
let v ~ S \ T  as in (ii) above. If  C has length l then, by the Lemma, v is linked by 
independent (v, C)-paths to a set X of rain {k, l} vertices of C such that T ' = X O  T 
has n elements. For x (X ,  let Px denote the path linking v and x. As before, set 
Cx.,=PxU P, UC[y, x]. 

We first dispose of two special cases. 

(A) Suppose that 1=2. Let C=xeyfx, and let H denote the underlying simple 
subgraph of G (obtained by deleting all but one edge between each pair of vertices). 
Since /=2,  there are just two independent (v, C)-paths, Px and Py, in H. However, 
because H is k-connected and k=>3, we may assume the existence of a second 
(v, y)-path P0, independent of P~ and internally-disjoint from Py (Figure 6(a)). 

V V 

.f f 

Fig. 6 

Since H is simple, the subgraph Py U Po contains at least three vertices. By 
the Lemma, there are three independent paths from x to PyUP0, two of which 
terminate at y and v and may be assumed to be the edge e and the path Px, re- 
spectively. We may also assume, without loss of generality, that the third path Q 
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terminates at an internal vertex w of Py (Figure 6(b)). Let 

Cz = Py[w, y]UQUP~,UPo 

C2 = Py[v, w ] U Q U e U  Po 

c3 = Py ufuP . 

Then (see Figure 7) C =  Cz + C2 + C3. 
v V v 

f ~ f 
c~ c 2 c 3 

Fig. 7 

We shall henceforth assume G to be simple. Since the case l---2 has been 
dealt with, this results in no loss of generality. 

(B) Suppose that l = m = n .  Then V ( C ) = T = T ' .  Let C=12 . . .m l .  Since m+l<=k 
and G is k-connected, we may assume, without Ioss of generality, that v is connected 

paths Po, P7 . . . .  ,Pro to 1, 1,2,3,  . . . ,m,  respectively by internally-disjoint 
(Figure 8(a)). 

Consider the subgraph 

Since G is simple, F has at least m + l  vertices. Therefore, by the Lemma, there 
exist in + 1 independent (m, F)-paths, three of which terminate at vertices v, 1 and 

1 

m 2 

3 

i 

i 

@ 
i 

® 

Fig. 8 
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m - 1  (and may be assumed to be the path P,, and the edges ml and re(m-1) ,  re- 
spectively) and one of which, Q say, terminates at an internal vertex w of some 
Pi (O~=i~-m-1)- Since both Po and P1 are (v, l)-paths, we may assume that w is 
an internal vertex of some Pi (1 ~-i<=m - 1). (Figure 8(b)). Let 

G = G, i+l  

C2 = C[1, mlUQUPi[v, w]UPo 

Ca = C[1, i]U Pi[w, i]UQ U C[i + I, m]U Pi+i U Po. 

Then (Figure 9) C =  C1 + C~ + C3. 

1 

i 
C~ 

3 J /  
t '4 

Ca 

1 
2 

0..1+~1", ~ v ~ 3 

i 
C~ 

Fig. 9 

We m a y n o w  assume that l_->3 and l>=n+l. Since k=>3 and k>=m+l 
=>n+l, we have 
(2) IX[ = min {k, l} _-> max {3, n + l } .  

Let the vertices of T, in cyclic order, be the integers modulo m, and set 

J ( i = X ( ] C [ i , i + l ] ,  l <- i<-m,  if T ~ 0  

X o = X ,  ff T = 0 .  

(C) Suppose that some X~ contains three vertices x, y, z (occurring in this order 
on C). Then C=Cx, y+Cy,z+Cx, z. So we may assume that 

(3) IXii <= 2, l <= i <- rn. 

Since IXI=>3, it follows from (3) that 

(4) m=>2. 
By (2,) (3) and (4), we have 

2m => .~  [NI = 2 I T ' I + I X \ T ' I  = IXI+n --> 2 n + l .  
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Thus m>n .  We deduce that T C X  and hence I>IX 1. So 

(5) IXl = rain {k, l} = k. 

(D) We now establish the existence of a vertex j E T \ T "  such that IXj_IUXjI=>3. 
If there is no such vertex, then 

Z IX,_~UX, I <~ 2 I T \ T ' I  = 2 ( m - n ) .  
iE T'NT" 

(6) 

Also, by (3) 

(7) X IX,_lux, I ~ 31Tq = 3n. ~ ,  

Combining (6) and (7), we obtain 

(8) X lX,-~U ~1 ~ 2m+n. 
iET 

However, using (5) we see that 

(9) Z IX~_IUX~I = 31T'I+21XNT'I = 2k+n 
iET 

because each vertex of T" is counted three times in this sum, and each vertex of  
X \ T "  is counted twice. Now (8) and (9) yield m ~ k ,  a contradiction. 

By (3) and (D) we may assume, without loss of  generality, that 1E T \ T '  
and IXll--2, IX~l->-l. Let a denote the vertex of X irmnediately preceding 1 on 
C, and let b and c denote the vertices of  X immediately succeeding 1 on C. Set 
G'= U P,~UC[b, a]. Then (again by the Lemma) 1 is linked by independent (1, G')- 

x E X  
paths to a set Y of k vertices of G', where {a, b}= C Y. For yC Y, let Qy denote the 
path linking 1 and y, and, for l<=i<=m, set Y,=YAC[i ,  i+11. 

Because C=Cb,c+Cc, b and Cb,c is of type at least ( r e+ l ,  0), it will suffice 
to demonstrate that Cc, b can be expressed as the sum of an even number of cycles 
of types greater than that of  C. We do so in most of  the cases to be considered 
below and, for this reason, set D=Cc.b. 

(E) Suppose that some Yi ( i ¢  1, m) contains two vertices x, y (occurring in this 
order on C, as in Figure 10). 

/ 
II 
II 

%q % 

2 

Fig. 10 
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Set 
L = C[c, xlUQxUQ, UC[y, alOP~. 

Then D=(LUPbUC[b, c])+(LUPc). 

(F) Suppose t h a t y (  Yis either v or an internal vertex of some P~, x#b, c (Figure 11). 
Set L=C[c, a]UQ, UQyUP~[v, y]. 

Then D=(LUPbUC[b, c])+(LUPc). 

(G) Suppose that y (  Y is a vertex of C[m, a] different from a (Figure 12). 

Set L=C[c, y]UQrUQ, UP .. 

Then D=(LUPbUC[b, c])+(LUPc). 

(H) Suppose that y~ Y is a vertex of C[c, 2] different from c (Figure 13). 

Set L=QbUQrUC[y, a]UP,~. 

Then D=(LUPb)+(LUPcUC[b, c]). 

(I) Suppose that yE Y is an internal vertex of Pc (Figure 14). 

Set L=C[c, a]UP,,UQbUQr. 

Then D=(LUPbUPc[y, c])+(LUPc[v, y]UC[b, c]). 

1 1 

x 2 ~2 

2 

Fig. 11 

Fig. 12 

2 
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(J) Suppose that yE Y is an internal vertex of Pb (Figure 15). 

Set C'=QaOQbUC[b,  a]. 

Then (on deleting the internal vertices of  Pb [Y, b]) we see that C '  is of  type at least 
( m , n + l ) ,  and D = C ' + C L c .  

We may now assume that none of  the cases (C)--(J) occurs. Thus 

Y= U YiU{a}U(YF-1C[b, c]) 
i # l , m  

Fig. 13 

2 

Fig. 14 

b 

2 

w p ~  

2 

Fig. 15 
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and so 
k=lYl-<_ Z IY, I+I+IYACEb, c]I <- K-E+IYACEb, c]I. 

t~ l ,m  

Consequently, some yC Y is a vertex of C[b, c] different from b. 

(K) Suppose that some yE Y is an internal vertex of  C[b, el. (Figure 16). 

Set L=C[c, a]UQ,~UQy. 

Then D=(LUC[y,  c])+(LUC[b, y]UPbL/Pc). 

(L) Suppose that there exists i ~ l  with [X~I=2 (Figure 17). 

Set C=QaUQcUC[c, a]. Then (on deleting the internal vertices of C[b, e]) we see 
that ~ is of  type at least (m, n + l ) .  Let X~= {d, e} (in this order on C). Then 

c = d +  d,,.~+c,,.~. 

In view of (L), we may assume that ]Xi[~I, i ~ l .  Therefore 

m +  1 _-_> ,~  IX~l = IXl + n  = k+n ~= m + n + l .  
i = 1  

2 

Fig. 16 

o 

~ e 

2 

e 

Fig. 17 
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We deduce that n=0 ,  r e = k - l ,  S = { I ,  2 . . . . .  k - l ,  v} and 

lx ,  l = i ~ I. 
Let X~ = {d}, and set 

G" = U P~, I..J Qy LI C'[d, c]. 
x £ X  y £ Y  

Then (by the Lemma) 2 is linked by independent (2, G'~)-paths to a set Z of  k vertices 
of G", where {c, d}~  Z. For zEZ, let Rz denote the path linking 2 and z, and set 
C"=RcURaUC'[d, c]. Note that neither l nor any internal vertex of  any Qy 
(y¢a,  b) belongs to Z since we have eliminated case (H). Thus, we may assume 
(by the same argument as was used on Y) that 

(10) ZOC[b, c] = Yi~C[b, c] = {b, c}. 
Set 

Z~=ZTIC"[i , i+I],  l < - i < - k - 1 .  

Then it follows from (E) and (10) that 

X1 = Y~ = Z1 = {b, c} and I Yil -- I / J  = l, i # 1. 

We now relabel v, a, b, c, d so that 

s =  {0,1 . . . . .  k - l }  

xl  = Y1 = z t  = Ix0, xd  
and, for 2<=i<=k - 1, 

X , =  {x,}, Y ,=  {y,}, Z , =  {z,}. 

Let Pi, Qi and R~ denote the paths from 0 to x~, 1 to y~ and 2 to z~, respectively 
(0<=i~k-1).  

(M) Suppose that y~ is a vertex of  C"[i, xd different from x~, for some i ~ k - 1  
(Figure 18). 

Set L=C"[xl ,  yi]UQILJC~[xi, 1]UPi. 

Then D=(LU PoUC"[xo, x~])+(LU PI). 

./k-1 ,,~ \ / "~-x 
l ! \ _ /  d ~ 

"4+,'~ / \ / 

I 

\ , /  
i 

Fig. 18 

3* 
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(N) Suppose that y~ is a vertex of C"[x~, i+1] different from xz, for some i#1,  
k - I  (Figure 19). 

Set L=C"[1, xo]UQ, UC"[y~, zk_I]U Rk_I UC"[2, xz]U Pz. 
Then D = (L U P0) + (L U P1 U C" [x0, xl]). 

In view of (M) and (N), we may assume that yi=xl and, similarly, that zi=xi 
(2<- i~k-1) .  Thus 

0 1 )  x =  Y = z .  

Consider, next, some vertex j where 3<-j<=k-1. Set 

G" = U P~, U Qy U PzUC"[xj,xj_O. 
x E X  y £ Y  zEZ 

Then (by the Lemma), j is linked by independent (j, G")-paths to a set W of k 
vertices of G ' ,  where {xj_~, xj}~ W. Denote the paths linking j to xj_x and 
xj by Sj_~ and Sj, respectively, and set C"=Sj_1USjUC"[xj, xj_x]. Let 
wE W'x,{xj_~, xj} and denote by Sw the path linking j and w. Note that, by (21), 
we may assume that w~ {0, 1, 2} and that w is not an internal vertex of any Px, 
Qy or R~. 

(O) Suppose that w is a vertex of C'[i, xi] different from xi (i#1, j). We may 
assume, by symmetry, that i>j (Figure 20). 

""  X k ' t ~ " x 0  • t"" ~ k ~ ' ' , ~  
, • \ I ~"; I f \ i .,?x,, 

\i,i~, / \ -'~ \i+I"~ I \ / 

i i 

Fig. 19 

,'L #% 
: t  \ J A  

\'~'\/ \ . J  
",. ~,,, ~J 

"--:'r 7_.." 

ii J O X ~  

,,,+,% I 

Fig. 20 
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Set L = C ' [ x a , j ] U S w U C " [ x j ,  w]UQsUC"[xi, I]UP~. 

Then D = ( L U Po U C" [ xo , xl]) + ( L U Pa). 

(P) Suppose that w is a vertex of C"  [x~, i +  1] different from xi ( i#  1, j ) .  As before, 
we may assume that i>j  (Figure 21). 

Set L=C"[x l , j ]US~,UC"[w,  1]UQsUC"[x;, xi]UPi. 

Then D=(LUPoUC"[Xo,  xl])+(LUPO. 

(Q) Suppose that w is a vertex of C"[1,  xo] different from xo (Figure 22). 

Set L=C"[x~ , j ]US~,UC"[x i ,  w]UP s. 

Then D= ( L U Po U C "M [ xo , x~]) + ( L U P~). 

A similar argument applies if w is a vertex of C"  Ix 1, 2] different from xl.  

(R) Suppose that w is an internal vertex of C" [xo, xa] (Figure 23). 

Set L=S~ ,UC' [ j ,  1]UQ;_IUC"[xl,  xj-a]. 

Then D = (L U C " [xo, w] U Po U/'1) + (L U C "  [w, x~]). 

SS S ~ ~  
i~-'f \~1 Xl" 
t ',~+,~! \ .~ ....-.,~~ 

!~-7 ' \ o / A "  

Fig. 21 

1 

'-7 \ol 
I + 1 ~ ~ s  S 

i 

1 

~~) 
t + l  ~ s  S 

Fig. 22 
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We may therefore assume that none of the cases (O)--(R) applies. It  follows 
that W =  X =  Y = Z .  

Applying this argument to each vertex j (3<=j<=k-1), we observe that, by 
(O)--(Q),  the paths so defined must be internally-disjoint. Therefore G contains 
a subdivision F of  Kka , +e in which the two colour-classes of  Kk,k are the sets S 
and X, and the edge e joins two vertices (x 0 and xl) of  X. Denote the path connecting 
i and xj in F by Pis and the path connecting x 0 and x~ by P. Figure 24 depicts the 
case k = 4 .  

1 i l l i ~ q ,  1 

-I • ~ i \ I #' \ / )i'X 

\ _/ . ; .  i+1 

i i 

Fig. 23 

I I 2 3 

x 0 P x 1 x2 x 3 

Fig. 24 

Suppose that  condition (ii) of  the theorem does not  hold, so that there is 
a path in G - X  connecting two vertices p and q of  S. I t  follows that there is a path 
Q, disjoint from X and internally-disjoint from F, which starts at a vertex u of  
Pp, and ends at a vertex v of  Pqs or P, for some r, s. 

In order to reduce the number  of  cases to be investigated, we note that each 
4-cycle of  K,,k can be expressed as the sum of  two Hamil ton cycles. Therefore, 
for l<=i~_k-1, the cycle PooLJPioLJPnUPol can be expressed as the sum of two 
cycles through S. Since 

D = Poo U P U Po, = (Poo U P,o U Pil U PoO + (Pi0 U P U Pn) 

it suffices to prove that, for some i (0 <: i<= k - 1 ) ,  the cycle Pio UP (-JPil is expressible 
as the sum of an even number of  cycles through S, unless k=3. Therefore, the 
vertices of  S are, for our purposes, indistinguishable. By the same token, we may 
regard both the vertices of  X \  {Xo, Xl} and the vertices of  {Xo, x~} as indistinguishable. 
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For ease of exposition and so as to simplify the diagrams, we shall just con- 
sider the cases k=3 ,  4; the extension from the case k = 4  to k > 4  will be clear. 

Suppose, first, that k=4 .  Set 

=l{r,s}[,  f l=[{r , s}n{0 ,1}I ,  V=I{r}N{0,1}[ 

If v¢ V(P), there are five possibilities, depending on the values of g and /~; if 
vC V(P), two further possibilities arise, depending on the value of V. 

Case 1: ~ = l ,  f l=0. Let p--- l ,q=2,  r = s = 2  (Figure 25). 

Set L = Poz U Pa~ U Pss U P23 U Pzz [2 , v] U Q U P12 [ l , u]UPlo. 

Then D = ( L U Poo) + ( L U P U Pol). 

Case 2: ct=l ,  f l = l .  Let p = l , q = 2 ,  r = s = l  (Figure 26). 

Set L=Po~UPs2UPsaUP2aUP2112, v]UQUPn[1,u]UP~o. 

Then D = ( L U  Poo) +(LU PU Po~). 

Case 3: , = 2 ,  f l=0.  Let p = 2 ,  q=3, r = 3 ,  s = 2  (Figure 27). 

Set L=Po2UP22UP2a[2, u]UQUPa2[3, v]UP3aUPlaUPu. 

Then D = ( L U  PU Poo)+(LU PoO. 

0 1 2 3 0 1 2 3 

x 0 x 1 x 2 x 3 x 0 x 1 x 2 x 3 

Fig. 25 

0 1 2 3 0 1 2 3 

x 0 x t x 2 x 3 x 0 xl  x 2 x3 

0 1 2 3 

x 0 Xl x 2 x 3 

Fig. 26 

0 1 2 3 

x 0 x, I x 2 x 3 

Fig. 27 
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Case 4: c~=2, f l=l .  Let p = l ,  q=2, r=2, s = l  (Figure 28). 

Set L=PozUP3~UP33UP23UP2112, v]UQUP12[1, u]UPll. 

Then D=(L U P U Poo) + (L U Pol). 

Case 5: ~=2, fl=2. Let p=O,q=l , r=O,s=l  (Figure 29). 

Set L=P~aUP33UP32UPI2UPn[1, v]UQUPoo[O, u]UPol. 

Then P~o U P U P~ = (L U P U P~o) + (L U P20. 

Case 6: ~=0. Let p=0,  r=2 (Figure 30). 

Set L= Pao U P~ U P~2 U P3~ U P~ U P~I U Q U Po~ [O, u]. 

Then D=(L U Poo U P [v, Xl]) + (L U Po~ U P [xo, v]). 

Case 7: ?=1. Let p=0,  r = l  (Figure 31). 

Set L=P2zUP2aUP33UP32UPoI[O , u]UQUPxo. 

Then D=(LU PooU P~2U P[v, xd)+(LU Po~U Pzz U P[xo, v])+(Po~ U Pzz U PI~U PoO 

0 1 2 3 0 1 2 3 

x 0 xf x 2 x 3 x 0 x, 7 x Z x 3 

Fig. 28 

0 1 2 3 0 1 2 3 

x 0 x I x?. x 3 x 0 x~ x 2 x 3 

Fig.-39 

0 1 2 3 0 1 2 3 

x o v x t x 2 x 3 x 0 ¥ x t x2 x3 

Fig. 30 
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and, as noted above, the cycle PolUPllUP12UPo2 can be expressed as the sum of  
two cycles through S. 

This establishes the theorem in the case k_->4. So suppose, now, that k = 3 .  
Of the above seven cases, all but case 3 (which cannot arise) must be examined. 
With the exception of case 1, a simple modification of the cycles described for the 
case k = 4  (replacing P2sUPssUP~2 by P.~) results in appropriate cycles for the 
case k = 3 .  So it is only case 1 which needs to be examined in detail. Set F'=FU Q. 

(S) Suppose that the path P has length at least two. Then, because G is 3-connected, 
there exists a path R, internally-disjoint from F' ,  between an internal vertex w of 
P and some other vertex of  F ' .  By cases 6 and 7, we may assume that this other 
vertex is x~ (Figure 32). 

Set L=P2tUP2212, v]UQUPI~[1, u]UPxoURUPo2. 

Then D=(L U Poo U P [w, xl]) + (L U Poa U P [xo, w]). 

So we may now assume that P is the edge XoXt. If, in G -  {x0, xt}, each of  
0, 1, 2 is separated from the other two by a cut vertex, G has the structure described 
in condition (iii) of the theorem. If  not, we may suppose, without loss of  generality, 
that 2 is not  separated from 0 and 1 by a cut vertex in G--{x0, xt}. Set 

F = PooUPozUPo2UPloUPllUPl~. 

Then 2 is connected by two independent paths to F" in G -  {x0, xt}. In other words, 
there is a path P ' ,  disjoint from {Xo, xl} and internally-disjoint from F ' ,  which 
includes 2 and connects two vertices x, y of  F ' .  Because of  symmetry between 0 
and 1 and between xo and xl ,  there are five cases to be considered. We demonstrate 
that, in each case, D can be expressed as the sum of  an even number of cycles of  
type at least (2, 1). Set Q'=PozUPI~. 

1 2 3 

X 0 V X~ X 2 X 3 

0 1 2 3 

x 0 v x~ x 2 x 3 

Fig. 31 

0 1 2 

X 2 
R 

0 I 2 

X 2 

R 

Fig. 32 
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Case 1.1: x, yEQ" (Figure 33). 

Set L=Q'[0, x]UP'UQ'[y, 1]UPn. 

Then O = (L U Xo xl U Poo) + (L U Pot). 

Case 1.2: x, YEPIt (Figure 34). 

Set L=Q'UPn[1,  x]UP'UPn[y,  1]. 

Then D=(L  U xoxt U Poo) + (L U Poa). 

Case 1.3: xEQ', YEPlo (Figure 35). 

Set L=Q'[0, x]Ue'Uho[1, y]UPtt. 

Then D = ( L U xo xt U Poo) + ( L U PoO. 

o 

x 0 xl 

Fig. 33 

0 

x 0 x 4 

o 

x o xt 

F~g. 34 

0 

XB~~XI 

x 0 

0 

x4 

rig. s5 
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X o XI X 0 

Fig. 36 

xt  

o 

x 0 x t 

Fig. 37 

0 

X D X~ 

Case 1.4: xEP10, YE Pll (Figure 36). 

Set L=Q'U Plo[1, x]U P'U Pll[y, xl]. 

Then D = (L U x0 xl U P00) + (L U P01)- 

Case 1.5: xEPol, YEPlo (Figure 37). 

Set L=P'UP~o[1, y]UPI1. 

Then D =(L U xox~ U Poo U Po~ [O, x]) + ( L U Po~ [X, x~]). 

This completes the proof of Theorem 2. 

5. Possible generalizations 

It is natural to ask whether our results can be strengthened by considering 
the cycles through a set of edges rather than vertices. LovAsz [7] and Woodall [18] 
have conjectured that Corollary 3 can be so strengthened. Some more-or-less trivial 
assumptions must be made here. Clearly, the given edges must form one or more 
disjoint paths. Also, if k is odd, they cannot be k - 1  edges of a k-element co- 
boundary. Whether or not these conditions are sufficient remains to be decided. 
Partial results have been obtained by Woodall [18] and Thomassen [12]. 
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A more  general  quest ion is the fo l lowing:  

Problem.  Let  G be a k-connected  graph and  let £1, F~ . . . . .  F k be sets o f  edges o f  G. 
When  does there exist  a cycle C in G such tha t  [FI(~CI is o d d  for i = 1 ,  2 . . . .  , k?  

A tr ivial  necessary condi t ion  is tha t  no  F~ should  be a c o b o u n d a r y ;  more  
general ly,  no  c o b o u n d a r y  shou ld  be the sum o f  an odd  number  o f  sets F~. I t  is n o t  
difficult to see tha t  these cond i t ions  are necessary and  sufficient for  the existence 
o f  an  euler ian subgraph  H ( that  is, a m e m b e r  o f  the cycle space) such tha t  ]HA F d 
is odd  for  each i. However ,  i f  H is requi red  to be a cycle, fur ther  necessary condi -  
t ions mus t  be imposed ;  for  instance,  the sets F~ with  card ina l i ty  one should  fo rm 
d i s jo in t  pa ths  or  a single cycle. Again ,  we do  no t  know if  these condi t ions  are 
sufficient. 
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